Example № 9.
Problem statement

We have the control system described by Cauchy problem 
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The constraints are absent.

It is given the functional
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where 
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We have the problem of minimization of this functional.
2. Task for student: to obtain necessary conditions of optimality.

By standard maximum principle we determine the function 


[image: image5.wmf](

)

22

1

(,,).

2

Huxppuxau

=-+


The function p is the solution of the adjoint system
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We get from maximum principle the control
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This is the unique solution of the maximum principle.
3. Question for students: How we can organize an iterative method for resolution necessary conditions of optimality?
Answer:
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4. Convergence of the iterative method.
We try to prove the convergence of the iterative method. After integration of the system (4) we get
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By equality (6) after integration of the system (7) we have
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We choose the nonzero constant c as the initial approximation of the control
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From (7) we obtain
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Using (8) we get
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Therefore we have
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because of (7). 

The following equality
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is true. Then we obtain the inequality
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Hence
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Take into consideration the sign of these values we get the inequality
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After integration from t to 1 we obtain
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Then
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So we have
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Repeating this procedure we obtain the estimate
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This algorithm is not converge for 
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Question for student after repeating of the problem statement: What is the solution of this problem?

Answer. The value of the functional is no negative. It can be equal to zero only if the control is equal to zero. This value is admissible. So this is the optimal control.

Conclusion. The iterative method does not converge for the small parameter a although the optimization problem has the unique solution.

Remark. We can consider the problem of minimization the functional
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for the system (1). This problem is ill-posed in the sense of Tihonov and has the singular control. In this situation we could use regularization method. This is the problem of minimization of our functional I, where a is the regularization parameter. We obtain the given functional K if the regularization parameter converges to zero. However we prove that we do not any possibility to organize the numerical method for small enough value of a. There we start from large enough value of the regularization parameter in the practical situation.
Пример № 9.

Расходимость итерационного процесса
1. Постановка задачи

Даны уравнение                                                          
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и критерий оптимальности
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где 
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Задача. Минимизировать функционал I на множестве решений уравнения (1).
Отталкиваясь от принципа максимума, вводим функцию
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Функция р есть решение сопряженной задачи
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Из условия максимума находим

                                                                       
[image: image38.wmf]1

.

uap

-

=

                                                                (3)

Это есть единственное решение принципа максимума.

Имеем итерационный процесс
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Выбираем в качестве начального приближения произвольную положительную константу
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Из (4) имеем
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Из (5) получаем
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Из (4) получаем


[image: image44.wmf]3

1

().

23

ct

xtt

a

æö

=-

ç÷

èø


Справедливо равенство
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Отсюда следует оценка
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а значит,
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Учитывая знак этих величин, получаем
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Интегрируя полученное выражение от t до 1, будем иметь
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откуда в силу (6) получаем
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Интегрируя это равенство, от 0 до t, получаем
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а значит,
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Повторяя этот процесс далее, получаем оценки
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а значит,
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Очевидно, при a<2 данный итерационный процесс расходится.

В то же время, задача имеет единственное решение 
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Вывод: итерационный процесс может расходиться, хотя задача обладает хорошими свойствами: существует единственное решение, условие оптимальности – необходимое и достаточное.

Здесь же – выход на метод регуляризации – почему нельзя начинать с малого параметра регуляризации.
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